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Influence of the Constant Electric Field on the Mutual Rectification of the
Electromagnetic Waves in Graphene Superlattice
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In tight binding approximation the explicit form of the electron energy in graphene superlattice was de-
rived. The possibility of propagation of the cnoidal waves in graphene superlattice was discussed. The direct
current induced perpendicularly to the superlattice axis by cnoidal and sinusoidal electromagnetic waves
under the presence of longitudinal constant electric field was calculated. Such direct current was shown to
change its direction when the intensity of longitudinal electric field changes its absolute value.
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I. Introduction
The electronic properties of graphene-based struc-
tures in particular – the features of electronic trans-
port in graphene superlattices (GSL) – are under the
very intensive study presently [1–11]. The possibility
of using of the superlattice (SL) as a working medium
of generators and amplifiers of terahertz (THz) elec-
tromagnetic (EM) waves [12] induces the investiga-
tions of electronic and optical features of carbon sys-
tems with the additional SL potential [7,13–15]. Dis-
persion low of graphene deposited on the periodic sub-
strate (h-BN/SiO2) is studied in [9] where the energy
of electron motion along the SL axis was shown to
have the periodical dependence on the quasimomen-
tum directed along SL axis.
In [16–23] amplification of even harmonics of the
polychromatic pump field in SL was shown to be ac-
companied by the appearance of a constant compo-
nent of the field – so-called mutual rectification due
to wave mixing [24–32]. Further such features of elec-
tron spectrum of GSL as periodicity and nonadditiv-
ity are shown to change the character of wave mixing
effect in GSL and to be a cause of new peculiarities
different from that of in bulk SL [31, 32].
The expression of dispersion low in GSL obtained
in [9] gives the information about features of band
structure of GSL. However it can’t be used to calcu-
late analytically the current induced in GSL by the
external EM field because of the energy dependence
on the quasimomentum is implicit in [9]. In [33] the
numerical analysis of dispersion low was carried out
in which the explicit form of the electron spectrum in
GSL was received. This result was used in [33, 34] to
study the influence of THz radiation on the current-
voltage characteristic of GSL.
Below the electron energy in GSL is obtained in
explicit form by using of tight binding model. Using
this dispersion low the EM wave equation is shown
to be a solution of sine-Gordon (SG) equation in col-
lisionless approximation in GSL. Last equation has
the Jacobi elliptic functions as a general periodic so-
lution. To study the form of nonlinear EM wave in
GSL the effect of mutual rectification of waves can
be used. Therefore the transversal direct current
induced by the cnoidal and sinusoidal waves with
orthogonal polarization lines under the longitudinal
constant electric field is investigated below. Direct
current induced by mixing of these waves is shown
to change its direction when the longitudinal electric
field changes its absolute value.
II. Electron spectrum of GSL
We consider a superlattice obtained by a sheet of
graphene deposited on a banded substrate formed by
periodically alternating layers of SiO2 and h-BN as it
is shown in Fig. 1. The layers are arranged so that
the hexagonal crystal lattice of h-BN was under the
hexagonal lattice of graphene. Due to this, in the
areas of graphene plane located above the layers of
h-BN an energy gap is equal to 0.053 eV arises. The
result is a periodic modulation of the band gap [9]. If
the layers of SiC are used then the value of the gap is
0.26 eV.
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The band gap width is proposed to have the ar-
bitrary periodic profile ∆s(x) = ∆s(x+ d) (Fig. 2)
unlike that of [9]. Here d is the SL period. Electron
states are described by the spinor function
ψ =
(
ψ↑ (p, r)
ψ↓ (p, r)
)
,
where ψ↑ (p, r) and ψ↓ (p, r) describe the electron states
in the first and second crystal sublattices (called also
as pseudospins), respectively [1,2]. Dirac equation for
the function ψ (p, r) has the form as follows [9]
vFσˆ · pˆψ +∆s(x)σˆzψ = εψ . (1)
Here σˆ = (σˆx , σˆy), σˆz are the Pauli matrixes, pˆ =
−i∇, vF is the velocity on the Fermi surface. Acting
twice on the spinor ψ by the Hamiltonian Hˆ = vFσˆ ·
pˆ+∆sσˆz we derive instead of (1)
v2
F
(
pˆ2x + pˆ
2
y
)
ψ − vF d∆s
dx
σˆyψ +∆
2
s (x)ψ = ε
2ψ . (2)
The equation (2) admits the solutions which can be
written in the form ψ (r) = F (x) exp (ipyy), where F
is the column-spinor
F =
(
F↑ (x)
F↓ (x)
)
.
which satisfies the Bloch theorem. So we can write
F (x+ d) = F (x) exp (ipxd). The next equation is
obtained for the spinor F
−v2
F
d2F
dx2
− vF d∆s
dx
σˆyF +∆
2
sF =
(
ε2 − v2
F
p2y
)
F . (3)
The probability of electron penetration through the
barrier between the wells is suggested to be small.
In this case spinor F (x) can be represented as the
following linear combination
F (x) =
∑
n
χ (x− nd) einpxd , (4)
where χ (x) is the column-spinor
χ =
(
χ↑ (x)
χ↓ (x)
)
.
which describes the one-dimensional motion of elec-
tron with the energy inside one of the wells εw. Its
components decay exponentially on either side of the
wells borders. This spinor obeys the equation
vFσˆxpˆxχ (x) + ∆s(x)σˆzχ (x) = εwχ (x) . (5)
After some transformations which are similar above
we obtain instead of (5)
−v2
F
d2χ
dx2
− vF d∆s
dx
σˆyχ+∆
2
sχ = ε
2
wχ . (6)
Now we multiply the equation (3) on the left by
the row-spinor χ+ =
(
χ∗↑ , χ
∗
↓
)
and the equation (5)
Fig. 1. GSL scheme
on the left by the row-spinor F+ =
(
F ∗↑ , F
∗
↓
)
. As
a result we obtain
− v2
F
χ+
d2F
dx2
− vF d∆s
dx
χ+σˆyF +∆
2
sχ
+F
=
(
ε2 − v2
F
p2y
)
χ+F , (7)
− v2
F
F+
d2χ
dx2
− vF d∆s
dx
F+σˆyχ
+∆2sF
+χ = ε2wF
+χ . (8)
After taking the Hermitian conjugation in the both
sides of (8) and taking into account the next relations
(
F+χ
)+
= χ+F ,
(
F+σˆyχ
)+
= χ+σˆyF
we rewrite (8)
− v2
F
d2χ+
dx2
F − vF d∆s
dx
χ+σˆyF
+∆2sχ
+F = ε2wχ
+F . (9)
Subtracting equations (7) and (9) we arrive at
− v2
F
d
dx
(
χ+
dF
dx
− dχ
+
dx
F
)
=
(
ε2 − ε2w − v2Fp2y
)
χ+F . (10)
After integration of (10) over the SL period and
using the combination (4) we derive
Fig. 2. Scheme of a periodic modulation of the band gap
Fig. 3. Function R(a) vs the cnoidal wave amplitude (logarithmic scale). a < 1, Ω0τ = 10, ωτ = 10, (a) ΩBτ = 1, (b) ΩBτ = 11
− v2
F
∑
n
einpxd
(
χ+ (x)ϕ (x− nd)
− ϕ+ (x)χ (x− nd)
)∣∣∣+d/2
−d/2
=
(
ε2 − ε2w − v2Fp2y
)∑
n
einpxd
×
+d/2∫
−d/2
χ+ (x)χ (x− nd) dx , (11)
where we define ϕ = ∂xχ. Due to the weak trans-
parency of the SL barriers we have∣∣∣∣∣∣∣
+d/2∫
−d/2
χ+ (x)χ (x− nd) dx
∣∣∣∣∣∣∣≪ 1 , when n 6= 0 .
Besides we take into account the next circumstances.
Firstly, if εw corresponds to the lowest energy level
of electron in the well then components of χ are even
functions. Hence their derivations are odd functions.
Secondly, due to the strong damping of the component
of χ as electron moves into neighbor wells the next
inequalities are performed∣∣∣χ+ (nd)χ (kd)∣∣∣≪ ∣∣∣χ+ (0)χ (0)∣∣∣ , ∣∣∣χ+ (0)χ (±d)∣∣∣ ,
when k , n 6= 0 .
The latter allows to leave in the left-side sum of (11)
the terms with n =0, 1 for x = d/2 and the terms
with n =0, −1 for x = −d/2. As a result we obtain
ε2 − ε2w − v2Fp2y = 4v2Fχ+
(
d
2
)
ϕ
(
d
2
)
cos pxd , (12)
For the components of the spinor χ the quasiclas-
sical expressions of the wave functions corresponding
to the motion under the barrier (x > 0) should be
chosen. They can be rated approximately as
χ ∼ 1√
d
e−κ0x , ϕ ∼ − κ0√
d
e−κ0x ,
where κ0 ∼ ∆maxs /vF, ∆maxs is the barrier height.
Finally we rewrite (12) in the form
ε (p) = ±
√
Γ2 + v2
F
p2y − γ2 cos pxd , (13)
where parameters Γ and γ are defined by the shape of
SL barriers and by the ratio between the barrier width
and the well width. Further the valence miniband is
proposed to be completely filled by the electrons so
the conduction miniband is considered only.
The low transparency of barriers (γ ≪ Γ) allows
the expression (12) to be written in the next approx-
imate form
ε (p) =
√
Γ2 + v2
F
p2y −
γ2 cos pxd
2
√
Γ2 + v2
F
p2y
, (14)
In [33] the following explicit expression for the di-
mensionless energy of electron in GSL was matched by
the numerical analysis of the dispersion low [9] writ-
ten in the case when widths of barrier and well are
equal.
εnumer =
√
1 + (f3/f2)
2
q2y
+
f4
f22
1− cos qx√
1 + (f3/f2)
2
q2y
, (15)
where q = pd, f3/f2 ∼0.58, f4/f22 ∼0.24. Let expres-
sion (13) is transformed to dimensionless form analo-
gous to (15)
εtheor =
√
1 + α21q
2
y +
α2 (1− cos qx)√
1 + α21q
2
y
, (16)
For the square profile of the SL potential with equal
widths of the barrier and well and for the barrier
height of 0.027 eV corresponding to the substrate h-
BN/SiO2 the values of α1 and α2 are 0.69 and 0.19
correspondingly. It coincides with the result [33] nearly.
It should be noted, that the approximation of weak
barriers transparency used to obtain the formula (14)
the better, the more the gap arising in GSL. There-
fore, the formula (14) is more valid if SiC is chosen
instead h-BN for the periodic substrate. In addition,
Fig. 4. Schematic of the process. Transversal current is negative
as pointed out in [33], this choice is more suitable for
a single-mini-band applications.
III. EM waves in the ideal GSL
Let an EM wave propagate along the graphene
plane so that the vector of the electric field intensity
is directed along the Oz. In the collisionless approxi-
mation, the current density is calculated with the next
formula
jx = −e
∑
p
vx
(
p+ eA (y, t)
)
f0 (p) , (17)
where A (y, t) is the vector potential of the EM wave
field, f0 (p) is the equilibrium state function, and v =
∂pε is the electron velocity along the GSL axis. After
calculating the velocity vz with the help of (14), we
obtain
jx (t) = −evFγ
2
2Γ
∑
p
f0 (p)
sin (qx +A)√
1 + β2q2y
, (18)
where A = edAx, and the parameter β = vF/Γd has
the order of 1. After calculation of the sums by mo-
mentums at low temperatures (θ << Γ), we have
jx (t) = −en0vFγ
2
2Γ
sinA . (19)
Here n0 is the surface concentration of the charge car-
riers. Using formula (19) we write the d’Alembert
equation
∂2A
∂t2
− ∂
2A
∂y2
+ ω2pl sinA = 0 , (20)
where ωpl is plasma frequency
ωpl = edγ
√
2pin0
Γ
.
Jacobi elliptic functions are the general periodic solu-
tion of equation (20). Here the wavelength is assumed
to be much more than the electron length of free path.
Hence the coordinate part of the function A (y, t) is
neglected. The solution of (20) can be written by us-
ing the Fourier series
eiA(t) =
∞∑
n=−∞
cn (a) e
inΩ(a)t . (21)
Fig. 5. Schematic of the process. Transversal current is positive
Here in the case 0 < a < 1 the next relations should
be used
Ω (a) =
piΩ0
2K (a)
, c0 =
2E (a)
K (a)
− 1 ,
cn =
npi2
K2 (a)
1
q
−n/2
a + (−1)n+1 qn/2a
,
and in the case a > 1 one should use
Ω (a) =
piΩ0a
2K (a−1)
, c0 = 1− 2a2 +
2a2E
(
a−1
)
K (a−1)
,
cn =
4npi2a2
K2 (a−1)
1
q−n1/a − q3n1/a
.
In both cases Ω0 = ωplu
√
|1− u2| , a = eE0d/2Ω0,
E0 is the amplitude of the EM wave described by the
potential A,
qξ = exp

−piK
(√
1− ξ2
)
K (ξ)

 ,
u is the wave velocity, K(ξ) and E(ξ) are complete
elliptic integrals of the first and second kind corre-
spondingly.
IV. The mutual rectification of the sinusoidal
and cnoidal EM waves in GSL
The direct current arising in GSL due to wave
mixing was studied in [33, 35]. The influence of lon-
gitudinal electric field on the transversal direct cur-
rent induced in GSL by two EM waves was investi-
gated in [33] where the wave with electric field in-
tensity applied along the SL axis was supposed to be
of sinusoidal form as well as in [31, 32] but not of
cnoidal form. The mutual rectification of sinusoidal
and cnoidal waves with orthogonal polarization lines
in GSL was investigated in [35] where the direct cur-
rent induced by these waves through to the GSL axis
in absence of the constant electric field was calculated.
Here we calculate the direct current induced by
sinusoidal and cnoidal EM waves with orthogonal po-
larization lines perpendicularly to the GSL axis in
presence of the constant electric field. Direction of
this current is shown below to be regulated by chang-
ing of absolute value of the electric field intensity.
The constant electric field with intensity is equal
to Edc =
(
Edcx , 0 , 0
)
is suggested to be applied
Fig. 6. Transversal direct current vs longitudinal electric field intensity. Ω0τ = 10, ωτ = 10, (a) a = 0.984, (b) a = 1.014
along the SL axis. The EM wave with vector poten-
tial A = (Ax , 0 , 0) is supposed to be polarized
along the GSL axis. Hence it has the cnoidal form
satisfying to the SG equation. Another wave with
vector potential A1 = (0 , Ay , 0) is supposed to
be weak and to be polarized perpendicularly to the
GSL axis. It has the sinusoidal form
A1y = −E01
ω
sin (ωt+ ϕ) , (22)
where E01, ω, ϕ are amplitude, frequency and ini-
tial phase of the transversal field oscillations. Under
these conditions and in the constant relaxation time
τ approximation the electric current density arising
through the axis Oy is calculated with the following
formula
jy (t) = −e
∞∫
0
dξ e−ξ
∑
p
f0 (p)
× vy
(
p+ e (A−A′ +A1 −A′1)− eEτξ
)
, (23)
where A′ = A (t− τξ) , A′1 = A1 (t− τξ) .
The formula (23) is rewritten in the next form
jy (t) = −evF
∞∫
0
dξ e−ξ
∑
p
f0 (p)
× qy + B − B
′√
1 + (qy + B − B′)2
×
(
1 +
γ2
2Γ2
cos (qx − ΩBτξ +A−A′)
1 + (qy + B − B′)2
)
. (24)
Here B = edA1y , B′ = edA′1y , ΩB = eEdcx d is the
Bloch oscillations frequency. Further the sinusoidal
EM wave is supposed to be weak (b ≡ evFE01/ωΓ≪
1). In the linear approximation in the parameter b and
at low temperatures (θ ≪ Γ) we obtain the following
formula for the transverse direct current density
jdcy = −
γ2
2Γ2ωτ
σ⊥E01R (a) cosϕ , (25)
where σ⊥ = e
2n0τ/m⊥ , m⊥ = Γ/v
2
F
,
R (a) =
∞∑
k,n=−∞
ckcn (δnΩ,kΩ−ω − δnΩ,kΩ+ω)
× (ΩB + nΩ) τ
1 + (ΩB + nΩ)
2
τ2
. (26)
and δn,k is Kronecker delta.
V. Discussion
The graphics of the dependence of the function
(26) on the cnoidal wave amplitude a under the dif-
ferent values of the longitudinal electric field intensity
is shown in Fig. 3 (0 < a < 1). This function can
be seen to have the resonant character. The constant
component of the transversal current occurs whenever
the sinusoidal wave frequency is the integer number of
cnoidal wave frequency. The possibility of the direct
current in the transverse direction with relation to the
SL axis is explained by the nonadditivity of the GSL
spectrum. In the bulk SL with additive spectrum such
effect is impossible.
In the absence of the longitudinal electric field
(Ex = 0) direct current resonances arise when ω is
in even number more than Ω. However when longi-
tudinal electric field is present (Ex 6= 0) the new res-
onances of transversal direct current appears. More-
over, the resonances values and resonances directions
can be regulated by changing of absolute value of the
longitudinal electric field (Figs. 4, 5). This effect
is also possible due to nonadditivity of the electron
spectrum (14). The direct current dependence on the
longitudinal electric field intensity is shown in Fig. 6.
In the case a > 1 the function Rmax (ΩB) can be
seen from Fig. 6 (b) to be not symmetric, unlike the
case of 0 < a < 1 (Fig. 6, a). This fact is due to the
constant component of electric field of cnoidal wave
in the case when a > 1.
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